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Abstract
For any integer nX3; by gðZn"ZnÞ we denote the smallest positive integer t such that every
subset of cardinality t of the group Zn"Zn contains a subset of cardinality n whose sum is
zero. Kemnitz (Extremalprobleme fu¨r Gitterpunkte, Ph.D. Thesis, Technische Universita¨t
Braunschweig, 1982) proved that gðZp"ZpÞ ¼ 2p  1 for p ¼ 3; 5; 7: In this paper, as our
main result, we prove that gðZp"ZpÞ ¼ 2p  1 for all primes pX67:
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1. Introduction
Let G be a ﬁnite abelian group (additively written). From the structure theorem of
ﬁnite abelian groups, we know that GDZn1"Zn2"?"Znd with 1on1jn2j?jnd ;
where nd ¼ expðGÞ :¼ n is the exponent of G and d is the rank of G: When n1 ¼
n2 ¼? ¼ nd ¼ n; we write Zdn instead of Zn"Zn"?"Zn|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
d times
:
ARTICLE IN PRESS
Corresponding author. Fax: +91-532-266-7576.
E-mail address: thanga@mri.ernet.in (R. Thangadurai).
0097-3165/$ - see front matter r 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2004.03.009
Deﬁnition 1. By gðGÞ we denote the smallest positive integer t such that every subset
S of G of cardinality jSjXt contains a subset S0 of cardinality jS0j ¼ expðGÞ whose
sum is the identity element of G:
This constant gðGÞ was ﬁrst introduced by Harborth [18] for the group G ¼ Zdn :
Kemnitz [20] proved that
ðn  1Þ2d1 þ 1pgðZdnÞpðn  1Þnd1 þ 1 for all nX3
and gðZdnÞXn2d1 þ 1 for even integers n: Therefore, it follows that gðZnÞ ¼ n
for all odd integer n: Kemnitz [20] studied this constant when d ¼ 2 and
computed for small values of p ¼ 3; 5; 7 and indeed, he proved that for these primes
gðZ2pÞ ¼ 2p  1:
Also, it is known that gðZ33Þ ¼ 10 and gðZ43Þ ¼ 21 (see [4–5,12,18–20]). Further, it
is known in [9] that gðZ53Þ ¼ 45 and also in [3], it is known that 112pgðZ63Þp114:
More generally, it known from the work of Meshulam [21] that gðZd3Þpð1þ oð1ÞÞ 3
d
d
:
We shall conjecture the following.
Conjecture 1. For all integers nX3; we have
gðZ2nÞ ¼
2n  1 if n is odd;
2n þ 1 if n is even:

From the following examples, one can see that Conjecture 1 is sharp.
For n is odd, let A ¼ fð0; 0Þ; ð0; 1Þ;y; ð0; n  2Þ; ð1; 1Þ; ð1; 2Þ;y; ð1; n  1Þg be a
subset of Z2n: Then jAj ¼ 2n  2 and A contains no zero-sum subset of cardinality n:
Hence, gðZ2nÞXjAj þ 1 ¼ 2n  1; for n is even, let A ¼ fð0; 0Þ; ð0; 1Þ;y; ð0; n 
1Þ; ð1; 0Þ; ð1; 2Þ;y; ð1; n  1Þg: Then jAj ¼ 2n and A contains no zero-sum subset of
cardinality n: Hence, gðZ2nÞXjAj þ 1 ¼ 2n þ 1:
In this article, we shall prove the following theorem.
Theorem 1. Conjecture 1 is true for all primes pX67: That is, for every prime pX67;
we have gðZ2pÞ ¼ 2p  1:
In the last section, we shall prove that Conjecture 1 is true for n ¼ 4 and we shall
provide an equivalent criterion as well.
Before we discuss further, we shall introduce notations once for all. A sequence in
G is a multi-set in G and throughout we use multiplicative notation. Let S ¼ Qci¼1 gi
be a sequence in G: For every gAG; let vgðSÞ (a non-negative integer) denote the
multiplicity of g in S: We call jSj ¼ c the length of S: The length is the cardinality of
S as a multi-set whence
jSj ¼
X
gAG
vgðSÞ:
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Let sðSÞ ¼Pci¼1 gi: We say T is a subsequence of S if T is a subset of the multi-set S:
We denote any subsequence T of S by T j S: Also, if T is a subsequence of S; then
the deleted sequence ST1; we mean the sequence after removing the elements of T
from S: We say that the sequence S ¼Qci¼1 gi in G is
* a zero-sum sequence, if sðSÞ ¼ 0 in G;
* a square-free sequence, if vgðSÞ ¼ 0 or 1: In other words, S is a subset of G;
* a zero-sum free sequence, if none of its subsequence is a zero-sum sequence,
* a minimal zero-sum sequence, if it is a zero-sum sequence and its proper
subsequences are all zero-sum free sequences.
For every 1pkpc; deﬁneX
k
ðSÞ ¼ fgi1 þ gi2 þ?þ gik j 1pi1oi2o?oikpcg
and deﬁneX
ðSÞ ¼ fgi1 þ gi2 þ?þ gil j 1pi1oi2o?oilpc; 1plpcg:
Clearly,
P ðSÞ ¼ Sck¼1 Pk ðSÞ:
If S ¼ Q2p1i¼1 ðai; biÞ is a sequence in Z2p; then T ¼Q2p1i¼1 ai is the sequence in Zp
where the elements ai are simply the ﬁrst co-ordinates of S: (We call T as the ﬁrst co-
ordinate sequence.) One can write T in the following form:
T ¼ xm11 xm22 ?xmrr y21y22?y2uz1z2?zv;
where x1;y; xr; y1;y; yu; z1;y; zv are pairwise distinct elements in Zp; r; u; vX0;
m1; m2;y; mrX3 are integers and m1 þ m2 þ?þ mr þ 2u þ v ¼ 2p  1: Through-
out this article, we shall freely use these constants r; u; v without mentioning.
We shall deﬁne the invariant hð:Þ for the given sequence S as follows:
h ¼ hðSÞ :¼ maxfvgðSÞ : gAGg
the maximum of the multiplicities of elements occurring in the sequence S:
We shall deﬁne a function sðGÞ which is analogues to gðGÞ as follows.
Deﬁnition 2. By sðGÞ; we denote the smallest positive integer t such that every
sequence S in G of length jSjXt contains a zero-sum subsequence S0 of length
jS0j ¼ expðGÞ:
This constant was studied by many authors. In 1961, Erdo+s, et al. [10] proved that
sðZnÞ ¼ 2n  1: In 1983, the following conjecture was made by Kemnitz [19,20].
Conjecture 2 (Kemnitz [20]). For all nX2; sðZn"ZnÞ ¼ 4n  3:
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Conjecture 2 is sharp in the following way; Let S ¼ ð0; 0Þn1 ð0; 1Þn1 ð1; 0Þn1
ð1; 1Þn1 be a sequence in Z2n: Then jSj ¼ 4n  4 and S contains no zero-sum
subsequence of length n: Hence, sðZ2nÞXjSj þ 1 ¼ 4n  3:
Kemnitz proved this conjecture for primes p ¼ 3; 5; 7 by proving gðZp"ZpÞ ¼
2p  1 for these primes. But for a general prime p; if one knows the value of
gðZp"ZpÞ for all primes, then it is not yet known that sðZp"ZpÞ ¼ 2gðZp"ZpÞ  1:
The best known result related to Conjecture 2 (in one direction) is (due to
Gao [14]) sðZn"ZnÞp4n  2 for every n ¼ pk for any prime power. It should be
mentioned that Ronayi [24] ﬁrst proved the same result when k ¼ 1: In another
direction, the best result known (due to Gao [15] (more general) and Thangadurai
[26] (for this particular case)) is as follows. If S is a sequence in Zn"Zn of length
4n  3 and hðSÞXn=2; then there exists a zero-sum subsequence of S of length n:
Now we shall state a corollary to Theorem 1 related to sðZ2pÞ as follows.
Corollary 1. Let pX67 be any prime number. Let S be any sequence in Zp"Zp of
length 4p  3: If hðSÞp2; then there exists a zero-sum subsequence of length p:
2. Preliminaries
In this section, we shall work-out some preliminaries for our main result.
Theorem 2.1 (Dias De Silva [8], Alon et al. [1–2]). If A is a non-empty subset of Zp
and if 1pkpjAj; thenX
k
ðAÞ

Xminfp; kðjAj  kÞ þ 1g:
Theorem 2.2 (Gao [13]). Let nX5 and let W be a zero-sum free sequence in Zn:
(1) If jW j ¼ n  1; then W ¼ an1 for some aAZn with ða; nÞ ¼ 1:
(2) If jW j ¼ n  2; then W ¼ an2 or W ¼ an3ð2aÞ for some aAZn with ða; nÞ ¼ 1:
Theorem 2.3 (Dias De Silva [8]). Let p43 be a prime. Set k ¼ I ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4p  7p mþ 1
and set c ¼ ½k=2: Let S be a square-free sequence in Zp of length k: ThenP
c ðSÞ ¼ Zp:
Theorem 2.4 (Cauchy–Davenport Inequality [6–7]). If A1; A2;y; Ac are non-empty
subsets of Zp; then
jA1 þ A2 þ?þ AcjXmin p;
Xc
i¼1
jAij  cþ 1
( )
:
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The following technical lemma is very crucial for our main result and also it
generalizes a Lemma 4.7 in [25].
Lemma 2.5. Let S ¼Q2p1i¼1 ðai; biÞ be a square-free sequence of length 2p  1 in Z2p:
Write
S ¼
Yc
i¼1
Yni
j¼1
ðxi; bðiÞj Þ;
where n1; n2;y; ncX1; cX1; x1; x2;y; xc are pairwise distinct elements of Zp; and
n1 þ n2 þ?þ nc ¼ 2p  1: Let W ¼
Qc
i¼1 x
li
i be a zero-sum subsequence of the first
co-ordinate sequence T such that jW j ¼ p; where 0plipni and l1 þ l2 þ?þ lc ¼ p:
Suppose that 1þPci¼1 liðni  liÞXp: Then S contains a zero-sum subsequence of
length p:
Proof. Since S is a square-free sequence in Z2p; for every iAf1; 2;y; cg; we have
b
ðiÞ
1 ; b
ðiÞ
2 ;y; b
ðiÞ
ni are pairwise distinct in Zp: Set Bi ¼ fbðiÞ1 ; bðiÞ2 ;y; bðiÞni g for every i ¼
1; 2;y; c: Then it sufﬁces to prove that
0A
X
l1
ðB1Þ þ
X
l2
ðB2Þ þ?þ
X
lc
ðBcÞ:
By Theorem 2.1, we see that for each i; we have
X
li
ðBiÞ

Xliðni  liÞ þ 1: ð1Þ
Therefore, by Theorem 2.4, we have
X
l1
ðB1Þ þ?þ
X
lc
ðBcÞ

Xmin p; X
l1
ðB1Þ

þ?þ X
lc
ðBcÞ

 cþ 1
( )
:
Therefore, by Eq. (1), LHS of the above inequality is at least
Xminfp; ðl1ðn1  l1Þ þ 1Þ þ?þ ðlcðnc  lcÞ þ 1Þ  cþ 1g
¼min p; l1ðn1  l1Þ þ?þ lcðnc  lcÞ þ 1f g
¼ p:
Therefore, we haveX
l1
ðB1Þ þ
X
l2
ðB2Þ þ?þ
X
lc
ðBcÞ ¼Zp
) 0A
X
l1
ðB1Þ þ
X
l2
ðB2Þ þ?þ
X
lc
ðBcÞ:
Thus the lemma follows. &
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Lemma 2.6. Let p be any prime number, and let T be a sequence in Zp\f0g of length p:
Set h ¼ hðTÞ: Then PphðTÞ ¼ Zp; where PphðTÞ ¼ Shr¼1 PrðTÞ:
Proof. Note that one can distribute the elements of T into h nonempty
subsets A1; A2;y; Ah: By Cauchy–Davenport inequality (Theorem 2.4),
we have
X
ph
ðTÞ

Xminfp; jA1,f0gj þ?þ jAh,f0gj  h þ 1g ¼ p:
Therefore,
P
phðTÞ ¼ Zp: &
Theorem 2.7. Let p be any prime number and 2pkpp  1: Let S be a sequence in Zp
of length 2p  k: Suppose that 0ePpðSÞ: Then hðSÞXp  k þ 1:
Proof. Without loss of generality, we may assume that S ¼ 0hT with jT j ¼
2p  k  h: Assume to the contrary that hpp  k: Therefore, jT jXp and T is a
sequence in Zp\f0g: By Lemma 2.6,
P
phðTÞ ¼ Zp: Especially, sðTÞA
P
phðTÞ: That
is, there is a subsequence Q of T such that sðQÞ ¼ sðTÞ and 1pjQjph: Set T1 ¼
TQ1: Then sðT1Þ ¼ 0 and p  hpjT j  hpjT1jpjT j  1: If jT1jpp; then T10 pjT1j
is a zero-sum subsequence of S of length p which is a contradiction. Therefore,
jT1jXp: Apply Lemma 2.6 to T1; one can ﬁnd a subsequence Q1 of T1 such that
sðQ1Þ ¼ 0 and 1pjQ1jph; set T2 ¼ T1Q11 : Then sðT2Þ ¼ 0 and p  hpjT1j 
hpjT2jpjT1j  1: Continuing the same procedure we ﬁnally get a zero-sum
subsequence of S of length p which is again a contradiction. Thus the theorem is
proved. &
3. Proof of Theorem 1
Throughout this section, let p be an odd prime, S ¼Q2p1i¼1 ðai; biÞ a sequence in Z2p;
T ¼ xm11 ?xmrr y21?y2uz1?zv
be the ﬁrst co-ordinate sequence with r; u; vAN0; m1;y; mrANX3; x1;y; xr;
y1;y; yu; z1;y; zvAZp pairwise distinct, and let h ¼ hðTÞ: In a series of
propositions, we shall prove, under various additional assumptions, that S has a
zero-sum subsequence of length p: Putting everything together we shall obtain a
proof of Theorem 1.
Proposition 3.1. If hAf2; pg; then S has a zero-sum subsequence of length p:
Proof. Let hðTÞ ¼ p: Without loss of generality we can assume that a1 ¼ a2 ¼? ¼
ap ¼ 0: Since S is square-free sequence in Z2p; the sequence b1; b2;y; bp runs through
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every residue classes of modulo p: Hence, b1 þ b2 þ?þ bp ¼ 0 in Zp: ThusQ p
i¼1ð0; biÞ is a zero-sum subsequence of length p in S:
Let hðTÞ ¼ 2: Then every residue classes modulo p can be appearing at most 2
times. Since jSj ¼ 2p  1 and we have p distinct residue classes modulo p; we see, by
Pigeon hole principle, that p  1 distinct residue classes modulo p has to appear
exactly 2 times and only one residue class (we can assume it to be 0) has to appear
exactly once. Thus we are in the following situation:
S ¼ ð0; zÞ
Yp1
i¼1
ði; xiÞ
Yp1
i¼1
ði; yiÞ;
where xicyi ðmod pÞ for all i ¼ 1; 2;y; p  1: We have W ¼ 0
Q p1
i¼1 i is a zero-sum
subsequence of T of length p: Since
1ð1 1Þ þ 1ð2 1Þ þ 1ð2 1Þ þ?þ 1ð2 1Þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
p1 times
þ1 ¼ p;
by Lemma 2.5, S has a zero-sum subsequence of length p: &
Proposition 3.2. If
Qr
i¼1 x
2
i
Qu
i¼1 yi
 1T has a zero-sum subsequence of length p and
r þ u þ vppþ3
2
; then S has a zero-sum subsequence of length p:
Proof. By Proposition 3.1, we can assume that 3phpp  1: By assumption, we have
R ¼ cc11 cc22 ?cctt ctþ1?cs is the zero-sum subsequence of length p ofQr
i¼1 x
2
i
Qu
i¼1 yi
 1T where c1; c2;y; cs are pairwise distinct elements of Zp; tX1
and 2pcipmji  2 for all i ¼ 1; 2;y; t: Note that p ¼ jRj ¼ c1 þ c2 þ?þ ct þ s 
t: Without loss of generality, we may assume that mji ¼ mi (by renaming the indices,
if necessary). We have to prove that S has a zero-sum subsequence of length p: If we
can prove 1þPti¼1ciðmi  ciÞXp; then by Lemma 2.5, it follows that S does have a
zero-sum subsequence of length p: Now, consider
1þ
Xt
i¼1
ciðmi  ciÞX 1þ
Xt
i¼1
2ðmi  2Þ ¼ 1þ 2ðm1 þ m2 þ?þ mtÞ  4t
X 1þ 2ðc1 þ 2þ?þ ct þ 2Þ  4tX1þ 2ðc1 þ?þ ctÞ
¼ 1þ 2ðp  s þ tÞ ¼ 1þ 2p  2ðs  tÞX1þ 2p  2ðp þ 1Þ=2
¼ p: &
Proposition 3.3. If, for some xAZp;
T ¼ 0 p1  1 p1  x or T ¼ 0 p1  1 p2  2  ðp  1Þ;
then S has a zero-sum subsequence of length p:
ARTICLE IN PRESS
W.D. Gao, R. Thangadurai / Journal of Combinatorial Theory, Series A 107 (2004) 69–86 75
Proof. Suppose T ¼ 0 p11 p1x: Then W ¼ 0x11 pxx is a zero-sum subsequence of
T of length p; whenever xa0; 1: Note that ðx  1Þðp  xÞ þ ðp  xÞx þ 1 ¼ ðp 
xÞð2x  1Þ þ 1Xp: Hence, by Lemma 2.5, there exists a zero-sum subsequence of
length p:
If x ¼ 0 or 1; it follows from Proposition 3.1 that S contains a zero-sum
subsequence of length p:
Suppose T ¼ 0 p11 p2ð2Þðp  1Þ: Then set W ¼ 0 p21ðp  1Þ which is obviously
a zero-sum subsequence of length p and we have p  2þ p  3þ 1Xp: Thus by
Lemma 2.5, we have a zero-sum subsequence of S of length p: &
Proposition 3.4. If pX11 and hXpþ5
2
; then S has a zero-sum subsequence of length p:
Proof. Without loss of generality, we may assume that a2ph ¼ a2pþ1h ¼? ¼
a2p1 ¼ a: Therefore, the ﬁrst co-ordinate sequence T ¼ ah
Q2p1h
i¼1 ai:
Claim 1. There is a subset ICf1; 2;y; 2p  1 hg such that ðp  jI jÞa þPiAI ai ¼
0 in Zp and such that p  h þ 2pjI jpp  2:
To prove the Claim 1, we may assume that a ¼ 0: Then it sufﬁces to prove that
there is a subset ICf1; 2;y; 2p  1 hg such that PiAI ai ¼ 0 and such that p 
h þ 2pjI jpp  2:
By Proposition 3.1, we may assume that hpp  1: Let I be the maximal subset of
f1; 2;y; 2p  1 hg such that PiAI ai ¼ 0 and jI jpp: By Lemma 2.6, one can get
p  hpjI jpp: Set J ¼ f1; 2;y; 2p  1 hg\I : If I satisﬁes p  h þ 2pjI jpp  2;
then nothing to prove. Now, we distinguish cases.
Case 1: jI j ¼ p: Since hpp  1; we see thatQiAI ai cannot be a minimal zero-sum
sequence. Therefore, there is a subset ACI such that
P
iAA ai ¼ 0 and 1pjAjpp  1:
But, aia0 for i ¼ 1; 2;y; 2p  1 h: Therefore, 2pjAjpp  2: Now letting I be the
maximal one of A and I\A; and we see that Claim 1 is satisﬁed.
Case 2: jI j ¼ p  h; p  h þ 1 or p  1: We distinguish sub-cases.
Sub-case 1: h¼p  1: Since aia0 for i¼1; 2;y; p; jI j ¼ 2 or jI j ¼ p  1: If jI j ¼ 2;
then jJj ¼ p  2 and QjAJ aj is zero-sum free sequence in Zp: By Theorem 2.2, we
see that
Q
jAJ aj ¼ a p2 or
Q
jAJ aj ¼ a p3ð2aÞ for some aa0: Without loss of
generality, we may assume that a ¼ 1: Now, T ¼ 0 p11 p2ðxÞðxÞ or T ¼
0 p11 p3ð2ÞðxÞðxÞ for some xAZp\f0g: If T ¼ 0 p11 p3ð2ÞðxÞðxÞ; and if
2pxpp  3; then we have 1xðxÞ is a zero-sum subsequence of T of length 1þ x:
But, 3p1þ xpp  2: This satisﬁes the Claim 1. So, we may assume that x ¼ 1; p  2
or p  1: If x ¼ p  2 ¼ 2; then T ¼ 0 p11 p3ð2Þð2Þð2Þ and hence, 1 p4ð2Þð2Þ is a
zero-sum subsequence of length p  2: Now it remains to check the case when x ¼
1; p  1: Now we have T ¼ 0 p11 p2ð2Þð1Þ: Also, if T ¼ 0 p11 p2ðxÞðxÞ; one
can reduce it to the case T ¼ 0 p11 p1ð1Þ: But by Proposition 3.3, it follows that S
does have a zero-sum subsequence of length p: So, we do not need to consider these
cases at all.
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If jI j ¼ p  1; we derive that QiAI ai is a minimal zero-sum sequence. By
Theorem 2.2, we infer that
Q
iAI ai ¼ a p2ð2aÞ: Without loss of generality, we may
assume that a ¼ 1: Now, T ¼ 0 p11 p2ð2ÞðxÞ: Similarly to above, it reduces to T ¼
0 p11 p2ð2Þð1Þ or T ¼ 0 p11 p1ð2Þ; then by Proposition 3.3, S does have a zero-
sum subsequence of length p:
Sub-case 2: h ¼ p  2: We may assume that jI j ¼ 2; 3 or p  1: Assume to the
contrary that Claim 1 is not true.
If jI j ¼ 2; then jJj ¼ p  1 and QjAJ aj is zero-sum free sequence in Zp: By
Theorem 2.2, we have
Q
jAJ aj ¼ a p1 which is a contradiction to the assumption
that h ¼ p  2:
If jI j ¼ 3; then jJj ¼ p  2 and QjAJ aj is zero-sum free sequence in Zp: By
Theorem 2.2, we have
Q
jAJ aj ¼ a p3ð2aÞ or
Q
jAJ aj ¼ a p2 for some aa0AZp: We
may assume that a ¼ 1: Now, T ¼ 0 p21 p3ð2ÞðxÞðyÞðx  yÞ or T ¼
0 p21 p2ðxÞðyÞðx  yÞ: If T ¼ 0 p21 p3ð2ÞðxÞðyÞðx  yÞ; one can easily derive
that x; y;x  yAf1; p  2; p  1g: Since x þ y þ ðx  yÞ ¼ 0; we infer that
fx; y;x  yg ¼ f1; 1;2g; f1;1; 2g; f1;2; 3g or f2;2; 4g: Since h ¼ p 
2; we have fx; y;x  yg ¼ f1;1; 2g; f1;2; 3g or f2;2; 4g: But, 1þ 1þ
ð1Þ þ ð1Þ ¼ 0; 1þ ð2Þ þ 1þ 1þ 1 ¼ 0 and 2þ ð2Þ þ 1þ 1þ 1þ 1 ¼ 0;
which is a contradiction on the assumption that Claim 1 is not true.
If T ¼ 0 p21 p2ðxÞðyÞðx  yÞ; since Claim 1 is not true and h ¼ p  2; one can
derive that x; y;x  yAf2; p  2; p  1g: Note that x þ y þ ðx  yÞ ¼ 0; we have
fx; y;x  yg ¼ f2; 2;4g; f2;2; 4g; f1;1; 2g or f1;2; 3g and similarly to
above, one can derive a contradiction.
If jI j ¼ p  1; then QiAI ai is a minimal zero-sum sequence. By Theorem 2.2, we
see that
Q
iAI ai ¼ a p2ð2aÞ for some aa0 in Zp: We may assume that a ¼ 1: Now,
T ¼ 0 p21 p2ð2ÞðxÞðyÞ: Since Claim 1 is not true, x; yAf1; p  2; p  1g: Since h ¼
p  2; x; yAf p  2; p  1g: Then fx; yg ¼ f1;1g; f2;2g or f1;2g: But
1þ ð1Þ þ 1þ 1 ¼ 0; 2þ ð2Þ þ 1þ 1þ 1þ 1 ¼ 0; 1þ ð2Þ þ 1þ 1þ 1 ¼ 0;
a contradiction to the assumption that Claim 1 is not true.
Sub-case 3: pþ5
2
phpp  3: If jI j ¼ p  h; then jJj ¼ p  1 and QjAJ aj is
zero-sum free sequence in Zp: By Theorem 2.2, we have
Q
jAJ aj ¼ a p1
which is a contradiction on the assumption that hpp  3: If jI j ¼ p  1;
then
Q
jAJ aj is a minimal zero-sum sequence in Zp and by Theorem 2.2, we see,Q
jAJ aj ¼ a p2ð2aÞ which is again a contradiction on hpp  3: If jI j ¼ p  h þ 1;
then jJj ¼ p  2 and QjAJ aj is zero-sum free sequence in Zp: By Theorem 2.2,
we have
Q
jAJ aj ¼ a p2 or
Q
jAJ aj ¼ a p3ð2aÞ for some aa0 in Zp: But hpp  3;
we have
Q
jAJ aj ¼ a p3ð2aÞ and h ¼ p  3: We may assume that a ¼ 1:
Now, T ¼ 0 p31 p3ð2ÞðxÞðyÞðzÞðwÞ: Assume to the contrary that Claim 1 is not
true, then x; y; z; wAf1; p  3; p  2; p  1g: Note that h ¼ p  3; we have
x; y; z; wAfp  3; p  2; p  1g: It easy to check that there is a zero-sum subsequence
of T of length between 5 and 8. (Here, we need to assume pX11:). Thus Claim 1 is
established.
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Now, we can rewrite S as follows;
S ¼
Y2p1h
i¼1
ðai; biÞ
Yh
i¼1
ða; ciÞ
with c1; c2;y; ch are pairwise distinct elements in Zp: By Claim 1, we have an index
set ICf1; 2;y; 2p  1 hg such that p  h þ 2pjI jpp  2 and PiAI ai þ ðp 
jI jÞa  0 ðmod pÞ: Let b ¼PiAI bi: Let C ¼ fc1; c2;y; chgCZp and c ¼ p  jI j:
Since I satisﬁes p  h þ 2pjI jpp  2; it is clear that c satisfying 2pcph  2: By
Theorem 2.1, we see thatX
c
ðCÞ

Xminf p; cðh  cþ 1ÞgXminfp; 2ðh  2þ 1ÞgXp:
Now the theorem follows from Lemma 2.5. &
Proposition 3.5. If pX5; r þ u þ vpp14 and hppþ32 ; then S has a zero-sum subsequence
of length p:
Proof. Let
W ¼ xm121 xm222 ?xmr2r y1y2?yuz1z2?zv
be a subsequence of T : Then the length of W is
jW j ¼ jT j  2r  u ¼ 2p  1 2r  uX2p  1 p  1
2
¼ 2p  1 p  1
2
and
hðWÞ ¼ hðTÞ  2pp  1
2
:
If W does not have a zero-sum subsequence of length p; then by Theorem 2.7,
hðWÞXp  ðp  1Þ=2 ¼ ðp þ 1Þ=2 which is a contradiction. Therefore, W contains a
zero-sum subsequence Q of length p: Hence, by Lemma 2.5 the result follows. &
Proposition 3.6. If pX67 and hXI
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4p  7p mþ 2; then S has a zero-sum subsequence
of length p:
Proof. Let k ¼ I ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4p  7p mþ 1: By Proposition 3.4, we may assume that k þ
1phppþ3
2
: We distinguish two cases.
Case 1: T contains at least k distinct elements. Without loss of generality, we may
assume that a1; a2;y; ak are distinct. Set c ¼ ½k=2 and A ¼ fa1; a2;y; akgCZp: By
Theorem 2.3, we haveX
c
ðAÞ ¼ Zp: ð2Þ
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Since hðTÞXk þ 1; the deleted sequence TA1 contains some element a (say) with
vaðTA1ÞXh  1Xk: Without loss of generality, we may assume that akþ1 ¼? ¼
akþh1 ¼ a: Then the corresponding second co-ordinates bkþ1; bkþ2;y; bkþh1 are
pairwise distinct in Zp: Set B ¼ fbkþ1; bkþ2;y; bkþh1gCZp: Then again by Theorem
2.3, we see that
X
c
ðBÞ ¼ Zp: ð3Þ
Note that 2p  1 h  k4p  2c40; one can choose a subset JCfk þ h; k þ h þ
1;y; 2p  1g such that jJj ¼ p  2c and ajaa holds for every jAJ: Set a ¼
ca þPjAJ aj: By Eq. (2), there is a subset ICf1; 2;y; kg such that aþPiAI ai ¼ 0
and jI j ¼ c: Set b ¼PiAI bi þPjAJ bj: Now by Eq. (3), there is a subset LCfk þ
1; k þ 2;y; k þ h  1g such that bþPlAL bl ¼ 0 and jLj ¼ c: Therefore,
Y
iAI
ðai; biÞ
Y
lAL
ða; biÞ
Y
jAJ
ðaj; bjÞ
is a zero-sum subsequence of S of length p:
Case 2: T contains at most k  1 distinct elements. Since by assumption, pX67; we
see that k  1pp1
4
: Also, by assumption, we have hpðp þ 3Þ=2: Therefore, the result
follows from Proposition 3.5. &
Proposition 3.7. If pX47; r þ u þ vXp1
4
and hpI ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4p  7p mþ 1; then S has a zero-
sum subsequence of length p:
Proof. First we note that it is enough to assume that r þ u þ vXp=3: For, suppose
p3
4
pr þ u þ vop
3
: As hðTÞpkpp=3; in a similar way to the proof of Proposition 3.5
one can derive that S contains a zero-sum subsequence of length p: So, we may
assume that r þ u þ vXp=3: Set t ¼ ½p
3
: Write
T ¼ xm11 xm22 ?xmrr y21y22?y2uz1z2?zv;
where x1; x2;y; xr; y1; y2;y; yu; z1; z2;y; zv are pairwise distinct elements in Zp;
and m1; m2;y; mrX3; r; u; vX0 are integers satisfying m1 þ m2 þ?þ mr þ 2u þ
v ¼ 2p  1: Set
A ¼
y1y2?yt if tpu;
xrðtuÞþ1xrðtuÞþ2?xry1y2?yu if uotpu þ r;
x1x2?xry1y2?yuzvðturÞþ1?zv if t4u þ r
8><
>:
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and
U ¼
Qr
i¼1
xmi1i
Qu
i¼1
yi
Qv
i¼1
zi if tpu;
QrðtuÞ
i¼1
xmi1i
Qr
i¼rðtuÞþ1
xmi2i
Qu
i¼1
yi
Qv
i¼1
zi if uotpu þ r;
Qr
i¼1
xmi2i
Qu
i¼1
yi
QvðturÞ
i¼1
zi if t4u þ r:
8>>>>><
>>>>>:
By the making of U ; it is clear that
jU j ¼
2p  1 r  u if tpu;
2p  1 r  t if uotpu þ r;
2p  1 r  t if t4u þ r:
8><
>:
Therefore, jU jXp  1: Also, by Theorem 2.1, we have
X
4
ðAÞ

Xminfp; 4ðt  4Þ þ 1g ¼ p )X
4
ðAÞ ¼ Zp: ð4Þ
We distinguish cases.
Case 1: r þ u þ vpp  4: Then one can ﬁnd a subsequence Q of U such that
x1x2?xry1y2?yujQjU and such that jQj ¼ p  4: By Eq. (4), we see that there is
subsequence R of A such that jRj ¼ 4 and RQ is a zero-sum subsequence of length p:
Set W ¼ RQ: Now W ¼ RQ ¼ xl11 xl22?xlrr y f11 y f22 ?y fuu Z with Z j z1z2?zv; where
1plipmi  1 for all i ¼ 1; 2;y; r; 1pf1; f2;y; fup2 and fi ¼ 2 holds for at most
4ð¼ jRjÞ of iAf1; 2;y; ug: If m1 þ m2 þ?þ mr  r þ u þ 1 4Xp; then by
Lemma 2.5, we know that S contains a zero-sum subsequence of length p:
Therefore, we may assume that, m1 þ m2 þ?þ mr þ u  r þ 1 4pp  1: But
m1 þ m2 þ?þ mr ¼ 2p  1 2u  v: Therefore, 2p  1 u  v  r þ 1 4pp  1:
Hence, u þ v þ rXp  3; which is a contradiction to the assumption that r þ u þ
vpp  4:
Case 2: u þ v þ r ¼ p  3: Set t ¼ pþ12
3
 
: Write
T ¼ xm11 xm22 ?xmrr y21y22?y2uz1z2?zv;
where x1; x2;y; xr; y1; y2;y; yu; z1; z2;y; zv are pairwise distinct, m1; m2;y; mrX3
and r; u; vX0 are integers satisfying m1 þ m2 þ?þ mr þ 2u þ v ¼ 2p  1: Set
A ¼
y1y2?yt if tpu;
xrðtuÞþ1xrðtuÞþ2?xry1y2?yu if uotpu þ r;
x1x2?xry1y2?yuzvðturÞþ1?zv if t4u þ r
8><
>:
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and
U ¼
xm111 x
m21
2 ?x
mr1
r y1y2?yuz1z2?zv iftpu;QrðtuÞ
i¼1
xmi1i
Qr
i¼rðtuÞþ1
xmi2i
Qu
i¼1
yi
Qv
i¼1
zi if uotpu þ r;
xm121 x
m22
2 ?x
mr2
r y1y2?yuz1z2?zvðturÞ if t4u þ r:
8>>><
>>:
By the making of U we get
jU j ¼
2p  1 r  u if tpu;
2p  1 r  t if uotpu þ r;
2p  1 r  t if t4u þ r:
8><
>:
Note that 3r þ 2u þ vp2p  1 and u þ v þ rXp  4; we derive that r ¼ 1
2
ðð3r þ 2u þ
vÞ  ðu þ v þ rÞÞ  u=2ppþ3
2
 u=2: Therefore, we always have jU jXp  1: By
Theorem 2.1, we haveX
3
ðAÞ

Xminfp; 3ðt  3Þ þ 1g ¼ p )X
3
ðAÞ ¼ Zp: ð5Þ
Since u þ v þ r ¼ p  3; one can ﬁnd a subsequence Q of U such that
x1x2?xry1y2?yujQjU
and jQj ¼ p  3: By Eq. (5), there is subsequence R of A such that jRj ¼ 3 and RQ is
a zero-sum subsequence of length p: Set W ¼ RQ: Now W ¼ RQ ¼
xl11 x
l2
2?x
lr
r y
f1
1 y
f2
2 ?y
fu
u Z with Z j z1z2?zv; where 1plipmi  1 for all i ¼ 1; 2;y; r;
1pf1; f2;y; fup2 and fi ¼ 2 holds for at most 3ð¼ jRjÞ of iAf1; 2;y; ug: If m1 þ
m2 þ?þ mr  r þ u þ 1 3Xp; by Lemma 2.5, we see that S contains a zero-sum
subsequence of length p: Therefore, we may assume that, m1 þ m2 þ?þ mr  r þ
u þ 1 3pp  1: But m1 þ m2 þ?þ mr ¼ 2p  1 2u  v: Therefore, 2p  1
u  v  r þ 1 3pp  1: Hence, u þ v þ rXp  2 which is a contradiction to the
assumption.
Case 3: u þ v þ r ¼ p: Write T ¼ 0m01m1?ðp  1Þmp1 ; where miX1 and m0 þ
?þ mp1 ¼ 2p  1: Since, 0þ 1þ?þ ðp  1Þ ¼ 0 and m0 þ m1 þ?þ mp1 
p þ 1 ¼ p; by Lemma 2.5, S contains a zero-sum subsequence of length p:
Case 4: u þ v þ r ¼ p  2: Set t ¼ pþ3
2
: Deﬁne A and U in a similar way to Case 2.
Then jAj ¼ t: By Theorem 2.1, we haveX
2
ðAÞ

Xminfp; 2ðt  2Þ þ 1g ¼ p )X
2
ðAÞ ¼ Zp: ð6Þ
By the making of U ; we get
jU j ¼
2p  1 r  u if tpu;
2p  1 r  t if uotpu þ r;
2p  1 r  t if t4u þ r:
8><
>:
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If rpp1
2
; then jU jXp  2: Then one can ﬁnd a subsequence Q of U such that
x1x2?xry1y2?yujQjU and jQj ¼ p  2: By Eq. (6), there is subsequence R of A such
that jRj ¼ 2 and RQ is a zero-sum subsequence of length p: Now RQ ¼
xl11 x
l2
2?x
lr
r y
f1
1 y
f2
2 ?y
fu
u Z with Z j z1z2?zv; where 1plipmi  1 for all i ¼ 1; 2;y; r;
1pf1; f2;y; fup2 and fi ¼ 2 holds for at most 2ð¼ jRjÞ of iAf1;y; ug: If m1 þ
m2 þ?þ mr  r þ u þ 1 2Xp; by Lemma 2.5, S contains a zero-sum subsequence
of length p: Therefore, we may assume that, m1 þ m2 þ?þ mr  r þ u þ 1
2pp  1: But m1 þ m2 þ?þ mr ¼ 2p  1 2u  v: Therefore, 2p  1 u  v 
r þ 1 2pp  1: Hence, u þ v þ rXp  1; which is a contradiction to the
assumption.
Now we assume that rXpþ12 : Since 3r þ 2u þ vp2p  1 and u þ v þ r ¼ p  2; r 
v ¼ ð3r þ 2u þ vÞ  2ðr þ u þ vÞp2p  1 2ðp  2Þ ¼ 3: Therefore, vXr  3Xpþ1
2

3 ¼ p5
2
: So,
vX
p  5
2
ð7Þ
Set A0 ¼ fz1; z2;y; zvg: By Theorem 2.1,X
3
ðA0Þ ¼ Zp: ð8Þ
Note that r þ uop  3op þ 1 ¼ ðm1  1Þ þ ðm2  1Þ þ?þ ðmr  1Þ þ u; one can
ﬁnd a subsequence Q of xm111 x
m21
2 ?x
mr1
r y1y2?yu such that
x1x2?xry1y2?yujQjxm111 xm212 ?xmr1r y1y2?yu
and
jQj ¼ p  3:
By Eq. (8), there is subsequence R of A such that jRj ¼ 3 and RQ is a zero-sum
subsequence. Now, RQ ¼ xl11 xl22?xlrr y1y2?yuZ with Z j z1z2?zv; where 1plipmi 
1 for all i ¼ 1; 2;y; r: Since m1 þ m2 þ?þ mr  r þ u þ 1 ¼ 2p  1 2u  v  r þ
u þ 1 ¼ 2p  ðu þ v þ rÞ ¼ 2p  ðp  2Þ4p; by Lemma 2.5, S contains a zero-sum
subsequence of length p: This completes the proof of Case 4.
Case 5: u þ v þ r ¼ p  1: In this case we have rX1; and we can assume that
fx1; x2;y; xr; y1; y2;y; yu; z1; z2;y; zvg ¼ Zp\fag;
for some aAZp: Without loss of generality, we may assume that a ¼ 0: Therefore,
fx1; x2;y; xr; y1; y2;y; yu; z1; z2;y; zvg ¼ Zp\f0g: ð9Þ
We distinguish sub-cases.
Sub-case 1: rX5: Since 3r þ 2u þ vp2p  1 and u þ v þ r ¼ p  1; r  v ¼ ð3r þ
2u þ vÞ  2ðr þ u þ vÞp2p  1 2ðp  1Þ ¼ 1: Therefore, vXr  1X4: Set
A ¼ fy1; y2;y; yu; z1; z2;y; zvg and B ¼ fx1; x2;y; xrg:
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Then by Cauchy—Davenport’s inequality (Theorem 2.4) and Theorem 2.1, we see
that X
uþv1
ðAÞ þ
X
2
ðBÞ

Xminfp; ðu þ vÞ þ 2r  3 1g
¼minfp; p  1þ r  4g ¼ p:
Therefore, there are subsequences A0 j A and B0 j B such that jA0j¼u þ v  1;jB0j¼2
and sðx1x2?xrB0A0Þ ¼ 0: (here s means the sum). Set Q ¼ x1x2?xrB0A0: Then
jQj ¼ r þ 2þ u þ v  1 ¼ p; and
Q ¼ xl11 xl22?xlrr y f11 y f22 ?y fuu Z;
where Zjz1z2?zv; 1plip2pmi  1 and li ¼ 2 holds for exactly 2 of i;
0pf1; f2;y; fup1 and at most one of fi ¼ 0: Since m1 þ m2 þ?þ mr  r þ u þ 1
1 ¼ 2p  1 v  u  r ¼ p; by Lemma 2.5, S contains a zero-sum subsequence of
length p:
Sub-case 2: rp4 and maxfmigX6: Without loss of generality, we may assume that
m1X6:
Let A ¼ fy1; y2;y; yu; z1; z2;y; zvg: By Theorem 2.1, we have
P
uþv2ðAÞ ¼ Zp:
Set Q ¼ x41x2x3?xr: Then there is a subsequence R of y1y2?yuz1z2?zv such that
jRj ¼ u þ v  2 and sðQRÞ ¼ 0: Set W ¼ QR: Then W ¼ x41x2x3?xrR: Note that
4ðm1  4Þ þ ðm2  1Þ þ?þ ðmr  1Þ þ u  2þ 1X2m1  2þ m2  1þ?þ mr 
1þ u  1 ¼ m1 þ ðm1 þ m2 þ?þ mrÞ þ u  r  2 ¼ m1 þ ð2p  1 2u  vÞ þ u 
r  2 ¼ m1 þ p  24p: Now the theorem follows from Lemma 2.5.
Sub-case 3: rp4 and maxfmigp5: Since Zp"Zp is the union of its p þ 1
subgroups each of order p; there exists a subgroup H of Zp"Zp such that jHj ¼ p
and
ðai; biÞ  ðaj; bjÞAH
holds for at least ð2p1Þð2p2Þ
2ðpþ1Þ 42p  5 pairs. Therefore, by choosing suitable
automorphism to act on S; we may assume that
H ¼ fð0; gÞ j gAZpg
and
ai ¼ aj
holds for at least 2p  4 pair of 1piojp2p  1: But by assumption, we see that rp4
and maxfmigp5 implies that the number of the pairs of 1piojp2p  1 which
satisfying
ai ¼ aj
is at most
m1ðm1  1Þ
2
þ m2ðm2  1Þ
2
þ?þ mrðmr  1Þ
2
þ up10r þ up40þ uo2p  4;
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as uop  1: This contradiction shows that we can act on S with suitable
automorphism and reduce it to the above cases. Thus the proof of the theorem is
complete. &
Proof of Theorem 1. Let S be a square-free sequence in Zp"Zp of length 2p  1: Let
T be the ﬁrst co-ordinate sequence of S: Set k ¼ ½ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4p  7p  þ 1: If hðTÞXk þ 1; then
the theorem follows from Proposition 3.6. If hðTÞpk and u þ v þ rpp1
4
; then it
follows from Proposition 3.5. So, let hðTÞpk and u þ v þ r4p1
4
and the theorem
follows from Proposition 3.7. &
Proof of Corollary 1. Let S be a sequence in Zp"Zp of length 4p  3: By our
assumption, hðSÞp2: Hence, by Pigeon hole principle, we see that S has a square-
free subsequence R of length at least 2p  1: Hence, by Theorem 1, R does has a
zero-sum subsequence of length p and so does S: &
4. Concluding remarks
In this section, we shall prove an equivalent criterion for Conjecture 1 when n is
even and using that we verify Conjecture 1 for n ¼ 4:
Theorem 4.1. Let nX4 be any even integer. Then the following two conditions are
equivalent:
(1) gðZn"ZnÞ ¼ 2n þ 1:
(2) Every square-free zero-sum sequence in Zn"Zn of length 2n þ 1 has a zero-sum
subsequence of length n:
Proof. Clearly, (1) implies (2). Assuming (2) we want to prove (1). Let S ¼Q2nþ1i¼1 ai
be any square-free sequence in Z2n of length 2n þ 1: Set a ¼
P2nþ1
i¼1 ai; and consider
the shifted sequence R ¼Q2nþ1i¼1 ðai  aÞ: Clearly, R is a square-free sequence of
length 2n þ 1: Moreover, we see that
sðRÞ ¼
X2nþ1
i¼1
ðai  aÞ ¼
X2nþ1
i¼1
ai  ð2n þ 1Þa ¼
X2nþ1
i¼1
ai  a ¼ 0:
Therefore, by the assumption (2), R contains a zero-sum subsequence
Qn
j¼1ðaij  aÞ
of length n: Hence,
Qn
j¼1 aij is a zero-sum subsequence of S of length n: This
completes the proof. &
Theorem 4.2. gðZ4"Z4Þ ¼ 9:
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Proof. We know that gðZ4"Z4ÞX9: So, it is enough to prove the upper bound. Let
S be a square-free sequence in Z4"Z4 of length 9: By Theorem 4.1, it is enough to
assume that S is a zero-sum sequence.
First we assume that 0; the zero element of Z4"Z4 does not appearing in S: Then
either there exists an element x together with x appearing in S or the three distinct
elements of order 2 appearing in S:
In the ﬁrst case, we get a zero-sum subsequence T ¼ Sx1ðxÞ1 of length 7: But
T cannot be minimal zero-sum sequence as its length is 2n  1 ¼ DðZ4"Z4Þ ¼ 7
(here DðZn"ZnÞ is the Davenport’s constant for the group Zn"Zn which is deﬁned
as the smallest positive integer t such that any sequence in Zn"Zn of length at least t
has a zero-sum subsequence) because any minimal zero-sum sequence of length 7 in
Z4"Z4 contains an element which is appearing at least 3 times. (see for instance,
Proposition 4.2 in [17]). Hence, T has a zero-sum subsequence of length o7: Since
every element of T is non-zero, T has a zero-sum subsequence R of length at least 2:
By taking R or TR1; we can as well assume that the length of R is 2 or 3 or 4: If
jRj ¼ 3; then jTR1j ¼ 4 and we are done. Otherwise, i.e, if jRj ¼ 2; then we have
RxðxÞ is a zero-sum subsequence of length 4 of S:
In the second case, that is, if all the three ð2; 0Þ; ð0; 2Þ; ð2; 2Þ elements of
order 2 are appearing in S; then T ¼ Sð0; 2Þ1ð2; 0Þ1ð2; 2Þ1 and does not contain a
zero-sum subsequence of length 2: This means for some xAZ4"Z4 and vxðTÞ ¼ 1
implies vxðTÞ ¼ 0: That is, all the other elements of order 4 is appearing in T
without their respective inverses. So, ð3; 2Þ or ð1; 2Þ appears in S: Without loss of
generality we may assume that ð3; 2Þ appears in S (otherwise, we consider S instead
of S). Then we can assume that ð3; 0Þ does not appear because otherwise
ð2; 0Þ; ð0; 2Þ; ð3; 2Þ; ð3; 0Þ forms a zero-sum subsequence of length 4: Hence, ð1; 0Þ
has to appear in T as its inverse ð3; 0Þ does not appear in T : But, ð3; 2Þ þ ð1; 0Þ ¼
ð0; 2Þ which would imply ð2; 2Þ; ð2; 0Þ; ð3; 2Þ; ð1; 0Þ is a zero-sum subsequence of
length 4:
So, it remains to consider the case that 0 appears in S: Set T ¼ S01; then T is a
zero-sum subsequence of length 8: Since DðZ4"Z4Þ ¼ 7; (well-known Davenport
Constant for the group ðZ4"Z4Þ) T contains a proper zero-sum subsequence R:
Then, TR1 is also a zero-sum subsequence. Let W be the smaller (in length) one of
R and TR1: Then, jW j ¼ 2; 3; 4: We may assume that jW j ¼ 2: Suppose W ¼
xðxÞ: Let yATW1: Set T1 ¼ Tx1y1: Clearly, T1 is not zero-sum. Again by using
Proposition 4.2 in [17], we obtain that T1ðsðT1ÞÞ contains a proper zero-sum
subsequence. Hence, T1 contains a proper zero-sum subsequence W1: Then, jW1j ¼
2; 3; 4; 5: We may assume that jW1j ¼ 2; 5: If jW1j ¼ 5; then TW11 ð0Þ is a zero-sum
subsequence of S of length 4 and we are done. If jW1j ¼ 2 then WW1 is a zero-sum
subsequence of length 4. Thus the theorem follows. &
Remark. In the similar spirit as Theorem 4.1, when n is odd, we can give an
equivalent condition for Conjecture 1 as follows. Every zero-sum sequence S of length
2n which has a square-free subsequence of length 2n  1 has a zero-sum subsequence of
length n: We omit the proof of this fact.
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